














duced to one of finding a shortest route. 

Let the original maximum flow network be called the primal. 

To the primal add an artificial arc extending from the source to the 

sink and having a capacity of zero.    The resulting network will be 

referred to as the modified primal.    The dual network is defined if 

and only if the primal is source-sink planar, a source-sink planar 

network being one where the modified primal can be drawn on a 

apher« in such a way that no two arcs intersect except at a node. 

When defined th* dual is constructed in the following manner: 

1. Draw the modified primal on a sphere in such a way that no 

two arcs intersect except at a nod«. 

2. Place a node in each mesh of the modified primal.    Let the 

node in one of the two meshes bounded by the artificial arc be the 

source and the node in the other of these two meshes be the sink. 

3. For each arc except the artificial one construct an arc of 

the dual that intersects it and joins the nodes in the meshes on either 

side of it. 

4. Assign each arc of the dual a length equal to the capacity 

of the primal arc it intersects. 

An example of a network and its dual is shown in Figure 1. 

Letting a route through the dual be any path from its source to its 

sink, it follows that there is a one-to-one correspondence between 

the proper cuts of the primal and the routes of the dual. ^ '   Specifi- 

cally if    A    is any route through the dual then the arcs of the primal 

' 'Reference 8. 
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ARC OF PRIMAL WITH  CAPACITY    Q 

--—    ARC OF DUAL WITH LENGTH   b 

FIG. I       A  NETWORK   AND ITS  DUAL 
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CHAPTER V 

Otner Approaches 

Two valid criticisms of the algorithms presented are that it 

woulc' be more desirable to have an algorithm that worked for non- 

planar networks as weil as p.anar networks and which worked direct- 

ly with the primal network.    Tnese problems have been investigated 

and the purpose of this section is to discuss some of the difficulties 

encountered 

A labeling algorithm which works directly with the primal 

was developed by the author to find the arc which,  when removed 

from the network,  wouid reduce the maximum flow the most. 

Among other things,  this algorithm required a list of all the arcs. 

If this were to be extended to the case where    n    arcs are to be re- 

moved (or their capacities reduced',,  a list of all n-tuples of arcs 

would be required.    Such a list would be too long to be practical. 

An undesirable feature of this problem is that the solution for 

(n - 1)     breakdowns does not supply useful information for the solu- 

tion for     n     breakdowns     In fact,  examples have been constructed 

where reducing the capacities of a particular set of   n   arcs reduces 

the maximum flow to zero while reducing the capacities of any   {n - 1) 

arcs in this set causes no reduction in the maximum flow.    While 

this produces no d.lficulties when working with routes through the 

dual,  it appears to be «.   insurmountable barrier when working with 

cuts of the primal. 

m  
^'Reference 15. 
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Assuming this problem cannot be solved directly using the 

primal network,  one may be tempted to try to extend the notion of 

a dual network to non-planar networks.    A natural way to do this is 

to draw the network on a sphere and place an artificial node wherev- 

er two arcs that are net joined oy a node intersect.    This essentially 

replaces each arc by one or more sub-arcs in such a way as to 

create a new network which is planar.    Each sub-arc is assigned a 

capacity equal to that of the original arc it is a part of.    A ;ut set 

[A, B]     of the original non-planar network will be represented in 

the planar network if and only if there is a cat set consisting of ex- 

actly one sub-arc of each arc in    [A, B]    .    However,   some cut 

sets of the non-planar network may not be represented in the new 

planar one.    An example of this is ihe network of figure 2.    The 

actual nodes of the network are     1.2,3,4,  and 5 and the 

artificial ones are   a ,  b ,  c .  d ,  and e .    Consider the cut    [A.B] 

where     A = {1 ,  2 , 4}     and     B = {3 ,  5}        Suppose    [A, B]     is 

represented by a cut    [A1, B' ]     in the modified network.    It follows 

that   1 ,  2 ,  4 e A'     and   3 ,   5 € B' Since no sub-arc of (1,4) 

can be in     [A'.B']     it follows that    c . d e A'     and since no sub- 

arc of   (3,5)   is in    [A'.B']     it follows that    d .  e c B'    .    But 

this is impossible since    A'/) B' =0    and therefore     [A,B]     is not 

represented. 
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Table 3;   Results of Algorithm for Example 2 - i = 0 

Initial Iteration 1 

a Oi.o-2.t.k)^0 

S (0.0,.,-) 

1 (00,00, -, -) 

2 (00,00, -, -) 

3 (00,00, -, -) 

4 (00,00. -, -) 

5 (00,00, -, -) 

6 (00,00, -, -) 

5 (00,00, -, -) 

a 

S 

3 

4 

5 

6 

5 

S 

1 

2 

3 

4 

5 

6 

S 

Iteration 2 

H.cr2,t,k)Jat0 

0.0,-,-) 

1.0.S.0) 

1.0,S.0) 

2.0,2.0) 

4.0.1,0) 

5.0,2,0) 

4,0.3.0) 

6,0.4,0) 

|x.<r2.t.k)^0 

0.0.-.-) 

1.0.S.0) 

1,0.S.0) 

2.0.2.0) 

4.0.1.0) 

5,0,2,0) 

4.0.3.0) 

6,0.4.0) 
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LIST OF SYMBOLS 

(a,b) Axe joining    a    and    b 

i'a.b] Length of arc joining    a    and    b 

d(a,b) Deterministic decrease in length of   (afb) resulting 
from a breakdown 

'D, t, k) A label for the deterministic case a» i 

D    . First component of    (D, t, k)    . a, 1 a»i 

t Second component of    (D,t,k}    . 
a»i o. v i 

k Third component of    (D, t, k)    . a»i aii 

L Length of the shortest   i>arc path from the source to 
^ node  a 

li(a,b, i;        Mean of ihe decrease in capacity of   {a,b} due to  i 
breakdowns 

cr (a(b,i|     Variance of the decrease in capacity of  {a,b)   due to  i 
breakdowns 

(ti, or (t, k)^   . A label for the stochastic case a, i 
* o * 

H*   . First component of    (j*, o*  , t, kr   . a»i a»i 
9    * 9 * 

(c )•   . Second component of    {ji. <r  st,k5'   . 

r   . Third component of    {^,<r ,t, kr   • a^i a»i 

k^   . Fourth component of    {|i, <r  ,t,k){   . ai i a»i 

[A.B] Cut set   L'A.E) 

V[A, B] Value of cut set   [A, B] 
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